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Background

We live in the era of big and high-dimensional data

Desideratum: A fast low-dimensional embedding method
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Applications: Clustering, dimensionality reduction, visualization, . . .

Ryu, Huang, and Kim EVD-free Kernel Embedding IEEE ISIT 2021 2 / 16



Background

We live in the era of big and high-dimensional data

Desideratum: A fast low-dimensional embedding method

d
a
ta

si
ze
N



feature dimension D︷ ︸︸ ︷
X



?
=⇒

embedding dimension L� D︷ ︸︸ ︷
X̃


Applications: Clustering, dimensionality reduction, visualization, . . .

Ryu, Huang, and Kim EVD-free Kernel Embedding IEEE ISIT 2021 2 / 16



Background

We live in the era of big and high-dimensional data

Desideratum: A fast low-dimensional embedding method

d
a
ta

si
ze
N



feature dimension D︷ ︸︸ ︷
X


?

=⇒

embedding dimension L� D︷ ︸︸ ︷
X̃



Applications: Clustering, dimensionality reduction, visualization, . . .

Ryu, Huang, and Kim EVD-free Kernel Embedding IEEE ISIT 2021 2 / 16



Background

We live in the era of big and high-dimensional data

Desideratum: A fast low-dimensional embedding method

d
a
ta

si
ze
N



feature dimension D︷ ︸︸ ︷
X


?

=⇒

embedding dimension L� D︷ ︸︸ ︷
X̃


Applications: Clustering, dimensionality reduction, visualization, . . .

Ryu, Huang, and Kim EVD-free Kernel Embedding IEEE ISIT 2021 2 / 16



Motivation

Kernel-based methods: EVD of N ×N kernel matrix

e.g., Kernel PCA [5] and Laplacian eigenmaps [4, 1]

(+) Simple, elegant, decent performance

(−) Not easily scalable O(N3)

This work: Kernel embedding without EVD of a matrix

For a special class of kernels, we only need density estimates

Example: dot-product kernels over hypersphere
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Outline

1 Preliminary: PCA, kernel PCA and Laplacian eigenmaps

2 Algorithm: EVD-free kernel embedding with density oracle

3 Example: Dot-product kernels over hypersphere
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Problem Setting and Notation

Random vector X ∼ p over a closed X ⊂ Rd

Data points x1:N := {x1, . . . ,xN} ∼ i.i.d. p

Given density µ,

L2
µ(X ) :=

{
f : X → C

∣∣∣∫ |f(x)|2 dµ(x) <∞}
with 〈f, g〉µ :=

∫
f(x)g(x) dµ(x)

A symmetric and compact kernel function k : X × X → R

The associated Hilbert–Schmidt integral operator

K : L2
µ(X )→ L2

µ(X ), (Kf)(x) :=

∫
X
k(x, t)f(t) dµ(t)
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Principal Component Analysis
PCA finds orthogonal directions u?1, . . . ,u

?
L that capture variance of

X as much as possible

PCA embedding: ψPCA(x) := [(u?1)
Tx, . . . , (u?L)

Tx]T

Assume EX = 0

C := Cov(X,X) = E[XXT ]

Ĉ := 1
N

∑N
i=1 xix

T
i with samples

Feature space (popul.)

maximize
u`∈Rd

subject to uT` u`′ = δ``′

Function space (popul.)

maximize
f`∈L2

p(X )

L∑
`=1

〈f`,Kf`〉p

subject to 〈f`, f`′〉p = δ``′
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Kernel PCA

A feature map |φ(·)〉 : X → F , F a vector space with 〈·|·〉

Kernel PCA ≡ PCA on |φ(X)〉

+ kernel trick

Feature space (popul.)

maximize
|u`〉∈F

L∑
`=1

〈u` |Cφ |u`〉

subject to 〈u` |u`′〉 = δ``′

Function space (popul.)

maximize
f`∈L2

p(X )

L∑
`=1

〈f`,Kf`〉p

subject to 〈f`, f`′〉p = δ``′

(Population solution) top-L spectrum of K in L2
p(X )

(Population embedding)

ψKPCA(x) := [
√
λ1f

?
1 (x), . . . ,

√
λLf

?
L(x)]

T
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Kernel PCA

A feature map |φ(·)〉 : X → F , F a vector space with 〈·|·〉

Kernel PCA ≡ PCA on |φ(X)〉 + kernel trick (K)mn := k(xm,xn)

Feature space (sample)

maximize
|u`〉∈F

L∑
`=1

〈u` |Ĉφ |u`〉

subject to 〈u` |u`′〉 = δ``′

Function space (sample)

maximize
f`∈RN

L∑
`=1

fT√̀
N

K

N

f`√
N

subject to
fT√̀
N

f`′√
N

= δ``′

(Sample solution) top-L spectrum of K ∈ RN×N with x1:N ∼ i.i.d. p

(Sample embedding)

ψ̂KPCA(x) = [
√
λ1(f

?
1 )n, . . . ,

√
λL(f

?
L)n]

T for x = xn
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Laplacian Eigenmaps (a.k.a. Spectral Embedding)

Given a base kernel function k, define

pk(x) :=

∫
k(x, t)p(t) dt and kp(x, t) :=

k(x, t)√
pk(x)pk(t)

LE ≡ KPCA with the kernel kp with embedding

ψLE(x) := [f?1 (x), . . . , f
?
L(x)]

T
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A New Density-regularized Kernel
So far, reviewed KPCA and introduced LE as KPCA with kp

Define a new kernel function

kp(x, t) :=
k(x, t)√
p(x)p(t)

and propose KPCA with kp and embedding

ψKE(x) := [f?1 (x), . . . , f
?
L(x)]

T

Function space (popul.)

maximize
f`∈L2

p(X )

L∑
`=1

〈f`,Kpf`〉p

subject to 〈f`, f`′〉p = δ``′

Function space (sample)

maximize
f`∈RN

L∑
`=1

fT`√
N

Kp

N

f`√
N

subject to
fT`√
N

f`′√
N

= δ``′

Claim: We can directly solve the population problem for some cases!
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ψKE(x) := [f?1 (x), . . . , f
?
L(x)]

T

Function space (popul.)

maximize
f`∈L2

p(X )

L∑
`=1

〈f`,Kpf`〉p

subject to 〈f`, f`′〉p = δ``′

Function space (sample)

maximize
f`∈RN

L∑
`=1

fT`√
N

Kp

N

f`√
N

subject to
fT`√
N

f`′√
N

= δ``′

Claim: We can directly solve the population problem for some cases!
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EVD-free Kernel Embedding

Algorithm 1 EVD-free Kernel Embedding

Input base kernel k, weighting function w, sample {xn}Nn=1, target dim.
L ∈ N, density estimator p̂(·)
Given The top-L orthonormal eigenfunctions g?1, . . . , g

?
L of the integral

operator Kw : L
2
w(X )→ L2

w(X )
1: Given a query point x ∈ X , output its L-dimensional embedding as

ψ̂KE(x) :=

√
w(x)

p̂(x)
[g?1(x), . . . , g

?
L(x)]

T

Note: the final embedding is in the flavor of LE embedding

Is there really such a nice kernel? YES!
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Dot-product Kernels over Hypersphere

A special class of kernels: Dot-product kernels [6]

kw(x, t) = f(xT t)

for some function f : R→ R

A special domain: the unit hypersphere

Sd−1 := {x ∈ Rd : ‖x‖2 = 1} ⊂ Rd

Examples: Gaussian kernels f(u) = e−(1+u)/σ
2

(σ > 0),
arccosine kernel f(u) = 1− (2/π) cos−1(u), . . .

Key property: with uniform weighting function w,
spherical harmonics fully characterize the eigensystem of Kw!
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Other Examples Beyond Hypersphere

Multiplicative dot-product kernels over a torus

Dot-product kernels over a ball

Gaussian kernels with Gaussian weighting
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Experiment: Patch-based Image Segmentation

Orders-of-magnitude faster (∼2s) than other methods (∼100s)

(a) Raw image (b) PCA (c) Kernel PCA (d) Laplacian eigenmaps (e) Spherical embedding

Figure: An illustrative example with image segmentation
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Concluding Remarks

Equivalence between KPCA and LE have been long known [4, 3, 2]

An unorthodox view on kernel-based embeddings based on the
population optimization perspective

The proposed EVD-free kernel embedding algorithm can be an
extremely low-cost kernel-based embedding

Many interesting open questions

Any theoretical justification as for LE?
Universally comparable practical performance?
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