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Abstract

Spectral decomposition of linear operators plays a central role in many areas of
machine learning and scientific computing. Recent work has explored training
neural networks to approximate eigenfunctions of such operators, enabling scalable
approaches to representation learning, dynamical systems, and partial differential
equations (PDEs). In this paper, we revisit a classical optimization framework from
the computational physics literature known as the orbital minimization method
(OMM), originally proposed in the 1990s for solving eigenvalue problems in com-
putational chemistry. We provide a simple linear-algebraic proof of the consistency
of the OMM objective, and reveal connections between this method and several
ideas that have appeared independently across different domains. Our primary goal
is to justify its broader applicability in modern learning pipelines. We adapt this
framework to train neural networks to decompose positive semidefinite operators,
and demonstrate its practical advantages across a range of benchmark tasks. Our
results highlight how revisiting classical numerical methods through the lens of
modern theory and computation can provide not only a principled approach for
deploying neural networks in numerical simulation, but also effective and scalable
tools for machine learning.

1 Introduction

Spectral decomposition of linear operators is a foundational tool in applied mathematics, with far-
reaching implications across machine learning (ML) and scientific computing. Eigenfunctions of
differential, integral, and graph-based operators capture essential geometric and dynamical structures,
playing a central role in problems ranging from representation learning to solving partial differential
equations (PDEs). As such, the design of efficient and scalable methods for approximating these
eigenfunctions has become a core pursuit in modern computational science.

Recent advances have leveraged neural networks to approximate spectral components of operators,
offering promising avenues for scaling classical techniques to high-dimensional or irregular domains
in scientific simulation. Notable examples include recent breakthroughs in quantum chemistry based
on neural-network ansatzes [41, 9 42]]. Beyond quantum chemistry, neural approaches have also
proven effective in diverse domains such as spectral embeddings [15}43]], Koopman operator theory
for analyzing dynamical systems [32| 23} 20], and neural solvers for PDEs [26]. For an overview of
the broader literature, we refer the reader to [43, Appendix B]. However, many existing methods rely
on surrogate losses or architectural constraints that lack a clear variational foundation, often leading
to brittle optimization or limited extensibility.

In this work, we revisit a classical optimization framework from computational quantum chemistry
known as the orbital minimization method (OMM). Originally developed in the 1990s for finding
the ground state in electronic-structure theory [38, 134,133, 37, [1]], OMM offers a direct and elegant
approach to approximating the top eigenspace of a positive-definite operator, without requiring
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explicit orthonormalization. Despite its heuristic, domain-specific origins, we derive OMM rigorously
from a simple variational principle valid for general positive-semidefinite matrices and operators.

We leverage this reinterpretation to construct a modern neural variant of OMM, suitable for decom-
posing a wide class of linear operators. Our contributions are threefold:

1. We provide a new derivation of the OMM objective with a simple linear-algebraic proof
for finite-dimensional cases, clarifying its key idea and extending its theoretical foundation.
When specialized for streaming PCA, we identify its connection to the celebrated Sanger’s
rule, which is often known as the generalized Hebbian algorithm [44]].

2. We adapt this framework to train neural networks that learn eigenspaces of positive-definite
operators, eliminating the need for explicit orthogonalization or eigensolvers.

3. We empirically demonstrate the effectiveness of our method across a range of tasks, including
learning Laplacian-based representations in reinforcement learning settings, solving PDEs,
and self-supervised-learning representation of images and graphs.

We emphasize that properly positioning the OMM within the modern ML literature is of both
theoretical and practical significance. Although the resulting formulation may appear natural in
hindsight, recent work in ML has proposed a variety of alternative, and often considerably more
complex, approaches for computing eigenvectors of matrices or eigenfunctions of operators. In
this work, we draw connections between OMM and several existing lines of research, including
streaming PCA [44] from theoretical statistics and computational science, as well as recent neural
parameterizations used for operator learning in deep learning [43]], and independent development of
spectral techniques in reinforcement learning literature [S1}[13]]. These connections provide a unified
perspective on seemingly disparate methods. Our findings underscore the value of revisiting classical
numerical techniques through the lens of modern ML, offering both conceptual clarity and practical
advantages for scalable spectral learning.

Notation. For an integer n > 1, [n] := {1,...,n}. We use capital sans-serif fonts, such as A and V,
to denote matrices. In particular, |, € R¥*¥ denotes the identity matrix. For a square matrix A, tr(A)
denotes its trace. For a matrix V € R¥*% = [v;, ... vy,], where v; € R% for each j € [da], we
use the subscript notation V.5, := [vy, ..., vi] for 1 < k < ds to denote the subset of columns.

2 Methods

In this section, we revisit the orbital minimization method and provide a new variational perspective
for the finite-dimensional matrix case. We then present its application to an infinite-dimensional
problem, i.e., an operator problem.

2.1 Preliminary: Matrix Eigenvalue Problem

Let A € R%*? be a real symmetric matrix of interestﬂ We wish to compute the top-k eigenvectors of
A. By the spectral theorem, A admits an eigenvalue decomposition, i.e., there exists an orthogonal

eigenbasis W = [wy,...,wy] € R%*? guch that we can write A = WAWT = ch'l=1 )\iwiwiT, where
A :=diag(A1, ..., Aq), where Ay > A2 > ... > \g4. Our goal is to find the top-k eigensubspace, i.e.,
span{wi, ..., Wy}, and ideally the top-k eigenvectors w1, . .., wy, and corresponding eigenvalues

A, ..., Ak. We use a shorthand notation a A b := min{a, b} for a,b € R.

For a symmetric matrix A € R?¥9, the most standard variational characterization of the top-k
eigensubspace is the multicolumn Rayleigh quotient maximization formulation, which is

tr(VTAV). 1
VeRdir’l%(TVﬁk r( ) ( )

Note that it is a natural extension of the maximum Rayleigh quotient characterization of the largest
eigenvalue. While we can derive its unconstrained version as

tr((VTV) " IVTAV), 2
Jax tr((VTV) ) @)

the inversion (VTV)~! renders the optimization less practical. For example, if V is not full rank (or
nearly degenerate), computing (VTV) -t may be infeasible or numerically unstable.

'We focus on real matrices for simplicity, but the technique can be naturally adapted for Hermitian matrices.



2.2 Orbital Minimization Method: Matrix Version

We now restrict our focus on a positive-semidefinite (PSD) matrix A € R4*?. The orbital minimiza-
tion method (OMM) [38} 137, 134, 133} 130]] aims to solve the following maximization problem:
Vgﬂl{idrik Lomm(V), where Lomm(V) := —tr((2lx — VTV)VTAV) 3)
While it is an unconstrained objective, it is widely known that its minimizer V* satisfies V*(V*)T =
Wi, WT ., i.e., V corresponds to the top-k eigenvectors up to rotation. Interestingly, the OMM
objective does not have any spurious local minima, that is, any local minima is a global optima; see
[30, Theorem 2]. This approach was originally proposed to develop linear-scaling algorithms for
electronic-structure calculations, i.e., algorithms whose complexity scales linearly with the number of
electrons in the structure, by avoiding explicit enforcement of the orthogonality constraint VTV = I.

2.2.1 Existing Derivations

There exist two standard ways to motivate the OMM objective [[L0]. The first is a Lagrange-
multiplier approach [38]]. The Lagrangian of the constrained optimization formulation in Eq. (I)) is
L(V,Z) :==tr(VTAV) — tr(Z(VTV — I;)), where = € R¥** denotes the Lagrange multiplier. From
the KKT conditions, the optimal Lagrange multiplier is Z2* = VTAV, and the Lagrangian £(V,Z*)
yields the OMM objective.

Another argument is based on the finite-order approximation of the Neumann series expansion
of the multicolumn Rayliegh quotient tr((VTV)~1VTAV) [10]. Assuming that the spectrum of
VTV is bounded by 1, we have the Neumann series expansion of the inverse matrix (VTV)~! =
(e — (I, = VTV))~1 = 322 ,(Iy — VTV)*_ If we consider the first-order approximation, then
(VIV)~L = 1, + (I — VTV) = 2l — VTV, which yields the OMM objective:
tr((VTV)TIVTAV) = tr((2lg — VIV)VTAV) = —Lomm (V).

Interestingly, in their original paper, Mauri et al. [34] showed that a higher-order extension following
the same idea is possible. For any integer p > 1, define Q,, := Z?ﬁgl(l — VTV)i, which can be
understood as the order (2p — 1)-th order approximation of (VTV)~!, Then, the global minimizers of

2p—1
L) (V) = —tr(Q,VTAV) = —tr( Y- VTV)iVTAv), @
=0

which we will refer to by the OMM-p objective, also span the same top-k eigensubspace. The original
argument to prove this fact in [34] is domain-specific and rather obscure. Below, we provide a purely
linear-algebraic and simple proof for the consistency of the OMM-p objective.

2.2.2 New Derivation with Simple Proof

To introduce a more intuitive way to derive the general OMM objective without resorting to the
Neumann series expansion, we start from noting that we can rewrite the OMM objective function as

Lomm(V) = —tr((2l;, — VIV)VTAV) = tr((I4 — VVT)?A) — tr(A).
Hence, Eq. (3)) is equivalent to minimizing tr((l4 — VVT)2?A). With this reformulation, we can extend
the optimization problem in Eq. (3) to a higher order as

2p
g) .
£nV) = (= W) = ) = e { 17 (T ) vy vrav) )
. J

j=1
for an integer p > 1. While it looks different from the expression in Eq. (@), we can show that they are
exactly same, i.e., céﬁ}m (V)= Zg’,;)m (V); we include its proof in Appendix |A|for completeness. As
stated below, the global minima of the OMM-p objective characterizes the desired top-k eigensubspace

for any p > 1. Here we outline the main idea, leaving the rigorous proof to Appendix [A]

Theorem 1 (Consistency of the OMM-p objective). Let r < d denote the rank of a PSD matrix A
with EVD A = Y"1 N\;w;w]. Then,

kAT
min L)
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In particular, its minimizer V* satisfies V5.5, (V1. 00) T = Wikar W1 o n -



Proof sketch. The proof crucially relies on Eq. (), which shows that the objective depends on V
only through the PSD matrix VVT € R%*? of rank at most k. Hence, we can reparameterize the
optimization problem with a matrix P € R?** such that PTP and a diagonal matrix ¥ € R¥** with
nonnegative entries, by considering the reduced SVD of VVT = PXPT. We can then show that

tr((ly — VVT)?PA) > Zf:k_H Ai, and the equality is achieved if and only if VVT = WWT. O

2.2.3 Discussions

Can We Apply OMM to Non-PSD Matrices? Consider a rank-1 case with p = 1, i.e., Eg}n)m (v) =
tr((I — vvT)?A) — tr(A). Suppose that A has a negative eigenvalue \; with a normalized eigenvector
w;. If we restrict v = cw; for some ¢ € R, it is easy to show that we can simplify the objective as
£c(,}n)m (ewj) = (1— 02)2)\]- — ;. Since \; < 0, the objective will diverge to negative infinity when
c? — o0o. This explains why the OMM cannot be applied to non-PSD symmetric matrices. If a lower

bound on the smallest eigenvalue is known a priori, i.e.,, Ay > —k, we can shift the spectrum by
considering the positive semidefinite matrix A + xlg, to which the OMM can then be applied.

Equivalence of Regularization and Spectrum Shift. The OMM implicitly enforces orthogonality
without requiring any explicit regularization. Nevertheless, one might be tempted to introduce an
additional regularization term that promotes the orthonormality of V, i.e., VTV = ;. If we adopt
a squared-Frobenius-norm penalty ||VTV — I;||2 to the OMM-1 objective, it is straightforward to
verify that this is equivalent to applying the OMM-1 to the spectrum-shifted matrix A + xl4. This
reveals a peculiar property of the OMM-1: unlike standard regularization techniques that modify
the optimal solution to enhance stability, the OMM-1 with this form of regularization preserves the
global optima.

Connection to PCA. For a PSD matrix A € R%*?_consider a random vector x € R? with mean zero
and covariance [, (x)[xxT] = A. Then, we can express tr((lq — VVT)?A) = E, ) [[[x — VVTx]?].
This is comparable to the standard characterization of PCA:

. _ T —1\/T 2
Jmin Byl — VVIV) VT, ®)

If V € R4k were orthogonal, then VVTx is the best projection of x onto the column subspace of V,
and the OMM objective could be interpreted as the corresponding approximation error. It is worth
emphasizing that, even without explicitly enforcing the orthogonality constraint on V € R4*¥ the
global optima of the OMM remain unchanged, in sharp contrast to the common understanding that
the whitening operation (VTV)~1 in Eq. (6) is required to characterize the top-k eigensubspace.

2.2.4 Nesting for Learning Ordered Eigenvectors

To learn the ordered eigenvectors, we can apply the idea of nesting in [43]], which was originally
proposed for their low-rank approximation (LoRA) objective; see Section [2.3.2]for the comparison of
the LoRA and OMM. The same logic applies to the OMM. There exist two versions, joint nesting
and sequential nesting, which we explain below.

The joint nesting aims to minimize a single objective Eg’r;)m V;a) := Zle aiﬁfﬁm(vlzi) for a
choice of positive weights aq,...,a, > 0, aiming to solve the OMM problem for V;.; for each

i € [k]. When p = 1, we can use the same masking technique of [43]], without needing to compute
the objective going over a for loop over ¢ € [k]. Similar to [43] Theorem 3.3], we have:

Theorem 2. Let V* € R¥F be a global minimizer of £E (V; ). For any positive weights
a € RY ), if the top-(k + 1) eigenvalues are all distinct, V* = W.

The proof is straightforward: if the objective can have the minimum possible value if and only if
Ec(,ﬁq)m (V1.;) is minimized by satisfying V1.,V]., = Wy.;W], for each i € [k], which is equivalent
to v; = w; for each i Per the suggestion in [43], we use the uniform weighting o« = (%, ceey %)
throughout.

Here, the strict spectral gap is assumed for simplicity. With degenerate eigenvalues, the columns correspond-
ing to the degenerate part of an optimal V* will be an orthonormal eigenbasis of the degenerate eigensubspace.



The idea of sequential nesting is to iteratively update v;, using its gradient of dﬁm (V14), i.e.,
Vo L (Vi) = =2((la = ViV AV; + Alla = ViV v ) ™

asif Vi,,_1 = [v1,...,Vv;_1] already converged to the top-(¢ — 1) eigensubspace, for each i € [k].
The intuition for convergence is based on an inductive argument.

We refer to the nested variants of OMM collectively as NestedOMM, and denote them by OMM;y,: and
OMMy, for brevity. We note that the OMM,, for finite-dimensional matrices was proposed as the
triangularized orthogonalization-free method (OFM) in the numerical linear algebra literature [10].

2.2.5 Connection to Sanger’s Algorithm for Streaming PCA

There is a rather separate line of literature on streaming PCA with long history, which aims to
solve the essentially same eigenproblem for a finite-dimensional case. The goal of the streaming
PCA problem is to find the leading eigenvectors of the covariance matrix A < E,,)[xxT] of a
zero-mean random variable x ~ p(x). In the streaming case, we are restricted to receive a minibatch

of independent and identically distributed (i.i.d.) samples {xgt), e ,X(Bt)} at each time ¢, and can

thus only compute the empirical estimate A; = + Zszl xgt)(xét))T. In this setup, Sanger [44]
proposed the following iterative update procedure, often called Sanger’s rule or generalized Hebbian
algorithm 111 2]: at each time step ¢, foreachi =1, ...k,

v v o (1= VI (VEDT) A
We remark that the OMM gradient in Eq. (7) is derived from the well-defined objective and can be
viewed as the symmetrized version of the Sanger update term, while the update term itself cannot

be viewed as a gradient of any function, as its Jacobian is not symmetric; see [[11, Proposition K.2].
With this connection between the OMM and Sanger’s rule, as a practical variant, we can also treat the

Sanger update (I — v§t2 (ngz)T)Atvgt) as a pseudo-gradient and plug-in to an off-the shelf gradient-
based optimization algorithm, such as Adam [22]. Interestingly, in our experiment with operator
learning, the Sanger variant works well in one PDE example where the OMM exhibits numerical
instability. We attribute the instability of the OMM gradient to statistical noise, which may make
the operator appear to have eigenfunctions with negative eigenvalues, thus triggering the divergent

behavior discussed in Section[2.2.3] See Section[3.2] for a resolution and further discussion.

We note that this connection is rather surprising, given the extensive body of work over the past few
decades on developing efficient streaming spectral decomposition algorithms under orthogonality
constraints; see, e.g., [36} [25] 144} 131, 148} [11}, [12, I51]]. It is remarkable that a classical yet simple
idea originating from computational chemistry provides such an elegant solution to this long-studied
spectral decomposition problem—ryet, to the best of our knowledge, it has remained largely unnoticed
in the modern machine learning literature.

2.3 Orbital Minimization Method: Operator Version

In many applications, we are often tasked to compute the leading eigenfunctions of a positive-
semidefinite operator T: L2(X) — L2(X). Here, L2(X) £ {f: X = R| [, f(x)?p(dx) < oo} is
a Hilbert space equipped with the inner product (fo, f1), £ [ fo(x)f1(x)p(dx). By the spectral
theorem, if 7" is compact, then there exists a sequence of orthonormal eigenfunctions { f; },>1 with
non-increasing eigenvalues Ay > Ay > --- > 0. When X = {1,...,d} and p is the counting

measure, the space L;Q)(X ) is naturally identified with R, and 7 reduces to a d x d PSD matrix,
recovering the standard finite-dimensional eigenvalue problem in the previous section.

We can easily extend the OMM objective in Eq. (3)) to this infinite-dimensional case, expressing the
objective compactly using only & x k matrices. Note that the objective in Eq. (3 is a function of the
overlap matrix VTV and projected matrix VT AV. In the infinite-dimensional function case, the overlap
matrix and the projected matrix become the second moment matrices M, [f] := [ f(x)f(x)Tp(dx)
and M, [f, Tf] := [ f(x)(7f)(x)Tp(dx), respectively. Hence, by plugging-in this expression to
Eq. (3), we can easily derive the corresponding objective for the infinite-dimensional case:

L0 (8) = tr({f}l)j (7)o tey wferer ). ®)

=1 J



In particular, if p = 1, it boils down to Logm (F) = —2tr(M,[f, Tf]) + tr(M,[f]M,[f, Tf]). If the
point spectrum of 7 is isolated and separated by a spectral gap from its essential spectrum, we can
also argue that the global minimizer of the OMM objective corresponds to the top-k eigensubspace.

2.3.1 Nesting for Operator OMM

As explained in the finite-dimensional case, the idea of sequential nesting is to update the ¢-th

eigenfunction f; by the gradient 8fi£<(fr)n)m (f;.;) foreach i = 1,...,k. We can implement these
gradients succinctly via autograd for the special case of p = 1. In order to do so, we define a partially
stop-gradient second moment matrix

(frogp  (selfil g2)p  (sglfi]:g3)p - (s8lf1]:9k)p
(fo,sglon])p  (f2r92)p  (s8lfeligs)p -+ (sglf2],gk)p
MESd[f, g] := (f3,sglarl)p  (farselgal)p  (f3,93)p -+ (sglfsl,gn)p
Urosglody rosglody ioseloshs o
Then, if we define the surrogate objective
Lomm(£) == =2tr(MF9[E, Tf]) + tr(MZIEIMTI[E, T1]), C)

then 07, L9 (f1.1) = Oy, L((,}n)m(fl;i) for each ¢ € [k]. In other words, the gradient for OMM with

omm :
sequential nesting can be efficiently implemented by this single surrogate objective function in Eq. (9).
Note that the surrogate objective is equivalent to the OMM objective £§},2m (f1.x) in its nominal value,
but the gradients are different due to the stop-gradients. The Sanger variant can be implemented
similarly with autograd; see Appendix [B]

This can be implemented efficiently with almost no additional computational overhead compared to
computing M, [f, g] without nesting. Note that the simple implementation is made possible thanks to
the fact that tr(M,[f]M,[f, Tf]) = (M,[f], M, [f, Tf]). For p > 1, however, we can no longer apply
a similar, partial stop-gradient trick to the higher-order interaction terms tr(M,[f] =M [f, Tf]) for
J > 3, as they cannot be simply written as a matrix inner product with stop-gradient terms. Thus, it is
harder to utilize the advantages of high-order OMM in the nested case. We thus only experiment with
the higher-order extension in the self-supervised representation learning setting (Section [3.3), where
the ordered structure is not often necessary.

Similar to the argument in [43]], we can also implement OMM);,, for operator with p = 1 as follows:
k
L0t (£50) 1= D il (fr) = tr(P© (~2M[£, 7€) + M [FM, £, 7] ) ).
i=1

. . k
Here, we define the matrix mask P € RF*F ag Pij = Muaxfijy with m; = iji aj and ©
denotes the entrywise multiplication. While Ryu et al. [43] suggest to use joint nesting for jointly
parameterized eigenfunctions, we have empirically found that the convergence with sequential nesting

is comparable to or sometimes better than joint nesting even with joint parameterization in general.

2.3.2 Comparison to Low-Rank Approximation

As alluded to earlier, a closely related approach is the low-rank-approximation (LoRA) approach
based on the Eckart—Young—Mirsky theorem [8} 135]] (or Schmidt theorem [45]]). This approach has
been widely studied in both numerical linear algebra [29} 53 [10] and machine learning [52} 15} 43,
55,1241 20]]. For a self-adjoint operator 7, LoRA seeks a rank-k approximation minimizing the error

in the Hilbert-Schmidt norm |7 — % | f; ® fil|2s — || 7||%, which simplifies to:
Liora(f) := =2tr(M,[f, TF]) + tr(M,[f]M,[f]),
L (£) = —2tr(M,[f, T£]) + tr(M,[f]M,[f, Tf]),

omm

where we repeat Ec(,}n)m(f ) for direct comparison. While both objectives are unconstrained and admit
unbiased gradient estimates with minibatch samples, they differ in their geometric and spectral inter-

pretations. Let 7, := Zle Aid; ® ¢; denote the rank-k truncation of 7. If T is PSD, the optimizer



*
fomm

of the OMM objective satisfies Zf;l omm,i @ fomm,i = Zle ®; @ ¢i, whereas the LoRA

omm,?

optimizer satisfies Zle Jiorai © Jfiorai = Tinr, » Where 7 is the number of positive eigenvalues of
T, for any self-adjoint, compact 7 [43 Theorem C.5]. In words, OMM approximates the projection
operator onto the top-k eigensubspace, whereas LoRA reconstructs the best rank-k approximation of
T itself. Moreover, the LoRA principle naturally extends to the singular value decomposition of gen-
eral compact operators, leading to the objective LY (f, g) = —2tr(M,, [£, Tg]) +tr(M,, [f]M,, [g]),
as studied in [43]). In contrast, extending the OMM to handle general operators is nontrivial.

Interestingly, as shown in Appendix [C.3.2] OMM can outperform LoRA in certain settings, par-
ticularly when the target matrix is sparse, such as the graph Laplacians of real-world networks,
highlighting its robustness in structured problems. We finally remark that sequentially nested for-
mulations of both LoORA and OMM were previously proposed and analyzed for finite-dimensional
matrices [[L0], yet their operator-level and learning-based generalizations remain largely unexplored.

3 Experiments

We evaluate the OMM and its variants (including the Sanger variant) across three experimental
setups. In the first two, the eigenfunctions are well defined with clear operational meaning, and
estimating them in the order of eigenvalues is desirable. These results underscore the strong potential
of NestedOMM for both modern machine learning applications and ML-based scientific simulations.
In the third setup, we explore the applicability of OMM in self-supervised representation learning,
where preserving the underlying spectral structure is often secondary to optimizing downstream
task performance. Our PyTorch implementation is available at https://github.com/jongharyu/
operator-omm. We defer the experiment details and additional numerical results to Appendix

3.1 Laplacian Representation Learning for Reinforcement Learning

We consider the representation learning problem in reinforcement learning (RL), which is known as
the successor representation [5,131] or more recently the Laplacian representation [[13]. The high-level
idea is that, given a transition kernel from an RL environment, we aim to find a good representation
of a state in the given state space such that it reflects the intrinsic geometry of the environment.

More formally, we consider a discrete state space S = [IV] for simplicity, but the treatment below
can be easily extended to a continuous state space. Suppose that we are given an environment
p(y|x, a), which denotes the transition probability from s; = x to s;4+1 = y given an action a; = a,
from an RL problem. For a given policy 7(a|x), we consider the policy-dependent transition kernel
defined as pr (y|@) := Er(qj2)[p(y|2, a)]. In matrix notation, we denote this by P, € RS*S, where
(Px)zy := p=(y|x). In the literature 54,511 [13]], a Laplacian is defined as any matrix L = | — f(P),
where f is some function that maps P to a symmetric matrix, such as f(P) := £(P 4 PT). In the
experiment below, P is constructed to be symmetric. Like in the graph Laplacian, it is shown in the
literature that the top-eigenvectors of L (or equivalently bottom-eigenvectors of | — L = f(P,)) well
capture the geometry of the RL problem [31}154].

In this experiment, we compare NestedOMM (OMM;., and OMM,;,;) with a recently proposed
algorithm called the augmented Lagrangian Laplacian objective (ALLO) method [13]. While the
OMM involves no tunable hyperparameters, the ALLO requires selecting a barrier coefficient b and a
barrier growth rate auamier Via grid search on a subset of grid environments, after which the chosen
values are used for full-scale training with more epochs and transition samples.

We consider the same suite of experiments from [13]], which consists of several grid environments
as visualized in Appendix For each environment, we generated 10° transition samples from a
uniform random policy and uniform initial state distribution, used the (x,y) coordinates as inputs
to a neural network, and aimed to learn the top £ = 11 eigenfunctions. We trained for 80, 000
epochs using Adam [22] with learning rate 10~3. Additionally, we reproduce the ALLO training
with identical number of transition samples, epochs, and optimizer, with the suggested initial barrier
coefficient b = 2.0 and apyrier = 0.01 reported in [13]. We trained with NestedOMM for four
random runs after shifting the spectrum by |, and ALLO with 10 runs. The performance is measured
by the average of cosine similarities of each mode, where degenerate spaces are handled by an oracle
knowing the degeneracy.
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Figure 1: Summary of experimental results of the Laplacian representation learning. On the right panel, we
plot the top-11 eigenvalues of the Laplacians. It shows that the hard instances (i.e., GridMaze-{26,32} and
GridRoom{32,64}) have very small spectral gaps (marked with X). Error bar indicates one standard deviation.

n=20 n=1 n=2 n=23

g

¥ - -
< : o " . B ° () ole wa w... % 3 o A
4 . - . o M e - ® "
)

[ -

X : " . o 3 ol wa w.. 5 (- ”e K
9 _ : . . , o | v || »e . . .

Figure 2: Visualization of learned eigenfunctions for the 2D hydrogen atom. OMMsq performs as well as
LoRAgeq, which is also known as NeuralSVD [43].

We summarize the results in Figure m Across different environments, both OMM;eq and OMM;
perform comparably to the complex optimization dynamics of ALLO, without any hyperparameter
tuning. To understand the failure cases, we plot the top-11 eigenvalues of the Laplacians on the right
panel. It shows that these hard instances have very small spectral gaps, suggesting that a small cosine
similarity does not necessarily indicate a failure of learning in such cases.

3.2 Solving Schrodinger Equations

Following [43]], we now consider applying OMM to solve some simple instances of time-independent
Schrodinger’s equation [14]. The equation is (H)(x) = Mp(x), where #H = —V? + V(x)
is the Hamiltonian operator of a system, where V' (x) is a potential function. Since low-energy
eigenfunctions correspond to the most stable states, we are primarily interested in retrieving the

smallest eigenvalues of #. Accordingly, in our convention, we aim to retrieve the eigenvalues and
eigenfunctions of the operator 7 = —# from the top.

3.2.1 Bounded-Spectrum Case

The OMM is directly applicable to certain problems, where the Hamiltonian # has eigenenergies
bounded above, such that 7 = —# (or its shifted version) is PSD. To assess the potential in such
settings, we consider the simplest example of this kind: the two-dimensional hydrogen atom, where
the potential function is given by V' (x) = — ﬁ for x € R? [40} 43]. In this case, the true eigenvalues

of T are expressed as A, ¢ = (2n + 1)_2 with two quantum numbers n > 0 and —n < ¢ < n.

We compare the performance of OMM;., to LoRAg,. We first note that we empirically found
that the OMM applied to —# leads to unstable training. We conjecture that this instability is due
to the fast-decaying spectrum and statistical noise during minibatch optimization. That is, in the
beginning of optimization, if some small eigenvalue modes are captured by the model, and if the
moment matrices formed by minibatch samples yield negative eigenvalues due to statistical noise,
the model may diverge, as we discussed in Section[2.2] We found that this misbehavior of OMM in
this example can be rectified by decomposing the shifted operator T + I for some x > 0, such that
the smallest eigenvalue is bounded away from zero. Instead of reporting results with OMMseq With
identity shift, here we report the result with the Sanger variant. Rather surprisingly, we find that the



Sanger variant does not exhibit optimization instability and performs on par with LoRAq, which is
shown to outperform existing baselines such as SpIN [40] and NeuralEF [[7]. As shown in Figure[2]
the learned eigenfunctions from both Sanger and LoRA,., are well-aligned with the ground truth,
showing the competitiveness of the OMM compared to the state-of-the-art approach. Figure []in
Appendix [C] provides the quantitative evaluation.

3.2.2 Unbounded-Spectrum Case

As alluded to earlier, the OMM is not directly applicable when the energy spectrum of # is unbounded
above, as in the cases of the harmonic oscillator or the infinite well [[14, 43] To render the OMM
applicable in such settings, we introduce an inverse-operator trick, analogous to that used in the
inverse iteration [49]. Let L be a self-adjoint operator on a Hilbert space H with a purely discrete,
positive spectrum 0 < A\; < Ay < -+ with \; — oo, and corresponding orthonormal eigenfunctions
{¢i}i>1. This assumption holds, for example, for Schrédinger operators on bounded domains
with Dirichlet boundary conditions, or more generally, for confining potentials V' (x) — oo as
||x|| = oo, such as the harmonic oscillator on R?. In this case, £ is invertible, and its inverse £~ is
a bounded, self-adjoint, and compact operator with eigenvalues A;° ! | 0 and the same eigenfunctions.
Consequently, the top-k eigenfunctions of £~ coincide with the bottom-k eigenfunctions of £. Thus,
applying the OMM to £~ ! enables recovery of the lowest-k modes of £.

A practical difficulty is that £7! is rarely available in closed form; for differential operators, it
corresponds to an integration operator. To avoid explicit inversion, we can parameterize f := Lg
with g represented by a neural network. Substituting this into the OMM-1 objective yields

Einv

omm

(g; L) 2 —2t(M,[f, £7']) + tx(M,,[f] M,[f, £ 'f])
= —2t(M,[Lg, g]) + t(M,[£g] M, [Lg, g]),

which preserves the same computational complexity as the original OMM. Since the ¢-th eigenfunction
of 71 is ¢;, Lg; corresponds to ¢;, and ideally g; = A} L4, holds for each i € [].

In Appendix|C.2] we empirically validate this approach on the 2D infinite-well and harmonic-oscillator
systems, both of which admit analytical solutions. We find that while the OMM with the inverse-
operator trick accurately recovers the top eigenfunctions, it can introduce numerical instabilities and
requires careful hyperparameter tuning, likely due to the nature of the parametrization.

3.3 Self-Supervised Contrastive Representation Learning

We now apply the OMM for contrastive representation learning. Here, we primarily consider self-
supervised image representation learning using OMM, comparing to SimCLR [3]], deferring its
application to graph data to Appendix In this setup, we are given an unlabeled dataset of
images x ~ p(z), and our goal is to learn a network fy(-) parametrized by 6 such that it yields a useful
representation for downstream tasks such as classification. Following SimCLR, we consider a random
augmentation p(¢|x) and draw two random transformations (¢1,t2) ~ p(t1|x)p(t2|z) to produce two
views of a data entry z. By repeating this procedure for each image, we obtain the full dataset, which
can be viewed as samples from the joint distribution p(t1, t2) := Ep o [p(t1]2)p(t2|2)].

The key object is then the canonical dependence kernel (CDK) k(t1,t2) := %,

Ep () [p(t|z)] [43]. Most contrastive learning approaches aim to learn fy(-) such that it factorizes
the log CDK (or pointwise mutual information) fy(t1)Tfp(t2) ~ logk(t1,t2) 27, 28] 50]. Few
exceptions include [13} 53, 43]], which instead aim to factorize the CDK itself fp(t1)Tfp(t2) =~
k(t1,t2), such that the optimal fy(¢) can be interpreted as the low-rank approximation of the CDK.
Application of the OMM to CDK provides a rather unique way to learn representations, as it does not
directly aim to approximate a function of the CDK, but rather trying to find normalized eigenfunctions
purely from a linear-algebraic point of view. Note that we can apply the OMM framework in this

where p(t) :=

3For instance, consider the Schrodinger equation under zero Dirichlet boundary conditions with the square
infinite-well potential, V' (x) = 0 for x € [~1,1]? and V(x) = oo otherwise. Its eigenvalues are given by
A ny O n2 + ni, parameterized by quantum numbers n., n, € N, which diverge as n, or ny, — oo.

“When the spectrum includes a continuous component whose infimum is zero (as in unconfined systems),
£~ may not be bounded. In such cases, one may instead use (£ + 1)~ " with some £ > 0.



Table 1: Top-1 and top-5 classification accuracies (%) for the SImCLR and OMM variants on CIFAR-100.

With projector DirectCLR (top-64 dim.)

Method

Top-1 Top-5 Top-1 Top-5
OMM (p=1) 60.02 87.13  59.83 86.65
OMM;jn: (p = 1) 6130 8522 59.92 85.13
OMM;eq (p = 1) 5991 87.02 5296 81.22
OMM (p = 2) 6392 89.08 61.27 87.07
OMM (p=1)+OMM (p=2) 6477 89.18 63.99 88.88
SimCLR [3] 66.50  89.28 N/A N/A

symmetric self-supervised setup, as the CDK is symmetric and PSD by construction. The purpose of
this experiment is not to establish the state-of-the-art performance, but to assess the potential.

We followed the standard setup of [4]. We used ResNet-18 as our backbone model and adopted two
different feature encoding strategies: (1) use a nonlinear projector with 2048 hidden dimensions and
k = 256 output dimensions as our input to the OMM; (2) in a vein similar to DirectCLR [21]], take
the top k£ = 64 dimensions as the feature fed to the OMM objective without a projector. In all cases,
we normalized features along the feature dimension before computing any loss following the standard
convention. We report the results of top-{1,5} classification accuracy with linear probe.

The results are summarized in Table We first observe that the OMM-1 yields a reasonably
effective representation for classification, achieving a top-1 accuracy of approximately 60%. We then
examined the effect of nesting on representation quality and observed no improvement, with a slight
degradation in some cases. Subsequently, we evaluated the effect of the higher-order OMM with
p = 2 as well as the mixed-order OMM combining p € {1,2}. Somewhat surprisingly, both variants
substantially improved performance, reaching approximately 64% top-1 accuracy. In Appendix @
we provide a theoretical explanation for the benefit of higher-order OMM, based on a gradient
analysis. In short, the higher-order OMM gradient may provide an additional gradient to escape an
immature flat local minima. A similar trend is observed with the DirectCLR variant, and notably, the
performance remains comparable even without a projector. While these methods do not surpass the
SimCLR baseline (~ 66.5%), the preliminary findings underscore the promise of this linear-algebraic
representation learning framework and motivate further investigation.

4 Concluding Remarks

In this paper, we revisited a classical optimization framework from computational chemistry for
computing the top-k eigensubspace of a PSD matrix. Despite its appealing properties that align
well with modern machine learning objectives, this approach remains underexplored in the current
literature. We hope that this work stimulates further research into this linear-algebraic perspective and
inspires the development of more principled learning methods. We also note that existing parametric
approaches to spectral decomposition exhibit notable limitations, particularly a lack of theoretical
understanding regarding their convergence properties compared to classical numerical methods. We
refer an interested reader to a general discussion on the potential advantage and limitation of the
parametric spectral decomposition approach over classical methods in [43]].

The experimental results presented in this work are preliminary, and we believe that a more com-
prehensive investigation across diverse application domains could yield deeper insights and more
impactful findings. In particular, extending the current framework to research-level quantum excited-
state computation problems, as recently explored via alternative variational principles [42, 9], would
be of significant theoretical and practical interest. Furthermore, advancing the linear-algebraic
perspective on modern representation learning may open up a pathway toward more structured,
interpretable, and theoretically grounded representations.

10



Acknowledgments

This work was supported in part by the MIT-IBM Watson Al Lab under Agreement No. W1771646.

References

[1] David R Bowler and Tsuyoshi Miyazaki. Methods in electronic structure calculations. Rep.
Prog. Phys., 75(3):036503, 2012. p.[I}

[2] James Chapman, Lennie Wells, and Ana Lawry Aguila. Unconstrained stochastic CCA:
Unifying multiview and self-supervised learning. In Int. Conf. Learn. Repr., 2024. URL
https://openreview.net/forum?id=PHLVmV88Zy. p.@

[3] Ting Chen, Simon Kornblith, Mohammad Norouzi, and Geoffrey Hinton. A simple framework
for contrastive learning of visual representations. In Proc. Int. Conf. Mach. Learn., pages
1597-1607. PMLR, 2020. pp.[9and

[4] Victor Guilherme Turrisi da Costa, Enrico Fini, Moin Nabi, Nicu Sebe, and Elisa Ricci. solo-
learn: A library of self-supervised methods for visual representation learning. J. Mach. Learn.
Res., 23(56):1-6, 2022. URL http://jmlr.org/papers/v23/21-1155.html. pp.[I0/and 22

[5] Peter Dayan. Improving generalization for temporal difference learning: The successor repre-
sentation. Neural Comput., 5(4):613-624, 1993. p.m

[6] Zhijie Deng, Jiaxin Shi, Hao Zhang, Peng Cui, Cewu Lu, and Jun Zhu. Neural Eigenfunctions
Are Structured Representation Learners. arXiv, October 2022. pp.[23|and

[7]1 Zhijie Deng, Jiaxin Shi, and Jun Zhu. NeuralEF: Deconstructing kernels by deep neural
networks. In Kamalika Chaudhuri, Stefanie Jegelka, Le Song, Csaba Szepesvari, Gang Niu, and
Sivan Sabato, editors, Proc. Int. Conf. Mach. Learn., volume 162 of Proceedings of Machine
Learning Research, pages 4976-4992. PMLR, 17-23 Jul 2022. URL https://proceedings,
mlr.press/vi62/deng22b.html. p.[0

[8] Carl Eckart and Gale Young. The approximation of one matrix by another of lower rank.
Psychometrika, 1(3):211-218, September 1936. ISSN 0033-3123, 1860-0980. doi: 10.1007/
BF02288367. p.[6l

[9] M T Entwistle, Z Schitzle, P A Erdman, J Hermann, and F Noé. Electronic excited states in
deep variational Monte Carlo. Nat. Commun., 14(1):274, January 2023. ISSN 2041-1723. doi:
10.1038/s41467-022-35534-5. pp. and

[10] Weiguo Gao, Yingzhou Li, and Bichen Lu. Triangularized Orthogonalization-Free Method
for Solving Extreme Eigenvalue Problems. J. Sci. Comput., 93(63):1-28, October 2022. doi:
10.1007/s10915-022-02025-0. pp. 3] [5} [6] and [7}

[11] Ian Gemp, Brian McWilliams, Claire Vernade, and Thore Graepel. EigenGame: PCA as a Nash
equilibrium. In Int. Conf. Learn. Repr., 2021. p.[5]

[12] Ian Gemp, Brian McWilliams, Claire Vernade, and Thore Graepel. EigenGame unloaded:
When playing games is better than optimizing. In Int. Conf. Learn. Repr., 2022. URL |https:
//openreview.net/forum?id=So6YAqnqgMj. p.E}

[13] Diego Gomez, Michael Bowling, and Marlos C. Machado. Proper Laplacian representation learn-
ing. In Int. Conf. Learn. Repr., 2024. URL https://openreview.net/forum?id=7gLfQT52Nn.

pp- 2L [7}[18] and[T9}

[14] David J Griffiths and Darrell F Schroeter. Introduction to quantum mechanics. Cambridge
university press, 2018. pp.[8][9] and 21]

[15] Jeff Z HaoChen, Colin Wei, Adrien Gaidon, and Tengyu Ma. Provable guarantees for self-
supervised deep learning with spectral contrastive loss. In Adv. Neural Inf. Proc. Syst., 2021.

pp.[11 6} and [9]

11


https://openreview.net/forum?id=PHLVmV88Zy
http://jmlr.org/papers/v23/21-1155.html
https://proceedings.mlr.press/v162/deng22b.html
https://proceedings.mlr.press/v162/deng22b.html
https://openreview.net/forum?id=So6YAqnqgMj
https://openreview.net/forum?id=So6YAqnqgMj
https://openreview.net/forum?id=7gLfQT52Nn

[16] Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image
recognition. In Proc. IEEE Comput. Soc. Conf. Comput. Vis. Pattern Recognit., pages 770-778,

2016. pp.[22)and 24

[17] Geoffrey Hinton, Nitish Srivastava, and Kevin Swersky. Neural networks for machine learning
lecture 6a overview of mini-batch gradient descent. , 2012. p.[20]

[18] Weihua Hu, Matthias Fey, Marinka Zitnik, Yuxiao Dong, Hongyu Ren, Bowen Liu, Michele
Catasta, and Jure Leskovec. Open graph benchmark: Datasets for machine learning on graphs.
In Adv. Neural Inf. Proc. Syst., volume 33, pages 22118-22133, 2020. p. @

[19] Qian Huang, Horace He, Abhay Singh, Ser-Nam Lim, and Austin R Benson. Combining label
propagation and simple models out-performs graph neural networks. In Int. Conf. Learn. Repr.,

2021. p.p4

[20] Minchan Jeong, J. Jon Ryu, Se-Young Yun, and Gregory W. Wornell. Efficient parametric SVD
of Koopman operator for stochastic dynamical systems. In Adv. Neural Inf. Proc. Syst., 2025.
URL https://openreview.net/forum?id=kL2pnzClyD. pp.[T]and[6]

[21] Li Jing, Pascal Vincent, Yann LeCun, and Yuandong Tian. Understanding dimensional collapse
in contrastive self-supervised learning. In Int. Conf. Learn. Repr., 2022. URL |https://
openreview.net/forum?id=YevsQesDEN7, pp.[I0]and 22}

[22] Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimization. In Int. Conf.
Learn. Repr., 2015. pp.[5|[7} 20] and 21]

[23] Vladimir R Kostic, Pietro Novelli, Riccardo Grazzi, Karim Lounici, and Massimiliano Pontil.
Learning invariant representations of time-homogeneous stochastic dynamical systems. In /nt.
Conf. Learn. Repr., 2024. URL https://openreview.net/forum?id=twSnzwioIm. p.[I]

[24] Vladimir R Kostic, Gregoire Pacreau, Giacomo Turri, Pietro Novelli, Karim Lounici, and
Massimiliano Pontil. Neural conditional probability for uncertainty quantification. In Adv.
Neural Inf. Proc. Syst., 2024. URL |https://openreview.net/forum?id=zXfhHInMB2! p.[d

[25] T P Krasulina. The method of stochastic approximation for the determination of the least
eigenvalue of a symmetrical matrix. USSR Computational Mathematics and Mathematical
Physics, 9(6):189-195, January 1969. ISSN 0041-5553. doi: 10.1016/0041-5553(69)90135-9.

p-[}

[26] IE Lagaris, A Likas, and D I Fotiadis. Artificial neural network methods in quantum mechanics.
Comput. Phys. Commun., 104(1-3):1-14, August 1997. ISSN 0010-4655, 1879-2944. doi:
10.1016/s0010-4655(97)00054-4. p.[1]

[27] Omer Levy and Yoav Goldberg. Dependency-based word embeddings. In Proceedings of
the 52nd Annual Meeting of the Association for Computational Linguistics (Volume 2: Short
Papers), pages 302-308, 2014. p.[9]

[28] Omer Levy and Yoav Goldberg. Neural word embedding as implicit matrix factorization. In
Adv. Neural Inf. Proc. Syst., volume 27, pages 2177-2185, 2014. p. E}

[29] Xin Liu, Zaiwen Wen, and Yin Zhang. An efficient Gauss—Newton algorithm for symmetric
low-rank product matrix approximations. SIAM J. Optim., 25(3):1571-1608, 2015. p.[d

[30] Jianfeng Lu and Kyle Thicke. Orbital minimization method with ¢! regularization. J. Comput.
Phys., 336:87-103, May 2017. ISSN 0021-9991. doi: 10.1016/j.jcp.2017.02.005. p.3]

[31] Marlos C. Machado, Clemens Rosenbaum, Xiaoxiao Guo, Miao Liu, Gerald Tesauro, and
Murray Campbell. Eigenoption discovery through the deep successor representation. In Int.
Conf. Learn. Repr., 2018. URL|https://openreview.net/forum?id=Bk8ZcAxR-| pp.[5|and[7}

[32] Andreas Mardt, Luca Pasquali, Hao Wu, and Frank Noé. VAMPnets for deep learning of
molecular kinetics. Nature Comm., 9(1):5, January 2018. ISSN 2041-1723. doi: 10.1038/
s41467-017-02388-1. URL https://doi.org/10.1038/s41467-0617-02388-1. p.

12


https://openreview.net/forum?id=kL2pnzClyD
https://openreview.net/forum?id=YevsQ05DEN7
https://openreview.net/forum?id=YevsQ05DEN7
https://openreview.net/forum?id=twSnZwiOIm
https://openreview.net/forum?id=zXfhHJnMB2
https://openreview.net/forum?id=Bk8ZcAxR-
https://doi.org/10.1038/s41467-017-02388-1

[33] Francesco Mauri and Giulia Galli. Electronic-structure calculations and molecular-dynamics
simulations with linear system-size scaling. Phys. Rev. B Condens. Matter, 50(7):4316, 1994.

pp.[TJand 3]

[34] Francesco Mauri, Giulia Galli, and Roberto Car. Orbital formulation for electronic-structure
calculations with linear system-size scaling. Phys. Rev. B Condens. Matter, 47(15):9973, 1993.

pp.[[]and 3]

[35] L Mirsky. Symmetric gauge functions and unitarily invariant norms. Q. J. Math., 11(1):50-59,
January 1960. ISSN 0033-5606. doi: 10.1093/qmath/11.1.50. p.[§]

[36] Erkki Oja. A simplified neuron model as a principal component analyzer. J. Math. Biol., 15(3):
267-273, 1982. ISSN 0303-6812. doi: 10.1007/BF00275687. p.[5}

[37] Pablo Ordejon, David A Drabold, Richard M Martin, and Matthew P Grumbach. Linear system-
size scaling methods for electronic-structure calculations. Phys. Rev. B Condens. Matter, 51(3):
1456, 1995. pp. [T]and 3]

[38] Pablo Ordejon, David A Drabold, Matthew P Grumbach, and Richard M Martin. Unconstrained
minimization approach for electronic computations that scales linearly with system size. Phys.
Rev. B Condens. Matter, 48(19):14646-14649, November 1993. ISSN 0163-1829. doi: 10.
1103/PhysRevB.48.14646. pp.[T]and 3]

[39] Adam Paszke, Sam Gross, Francisco Massa, Adam Lerer, James Bradbury, Gregory Chanan,
Trevor Killeen, Zeming Lin, Natalia Gimelshein, Luca Antiga, Alban Desmaison, Andreas
Kopf, Edward Yang, Zach DeVito, Martin Raison, Alykhan Tejani, Sasank Chilamkurthy,
Benoit Steiner, Lu Fang, Junjie Bai, and Soumith Chintala. PyTorch: An imperative style,
high-performance deep learning library. In Adv. Neural Inf. Proc. Syst., Red Hook, NY, USA,
2019. Curran Associates Inc. p.[I7]

[40] David Pfau, Stig Petersen, Ashish Agarwal, David GT Barrett, and Kimberly L Stachenfeld.
Spectral inference networks: Unifying deep and spectral learning. In Int. Conf. Learn. Repr.,

2019. pp.[8Jand[9]

[41] David Pfau, James S Spencer, Alexander G D G Matthews, and W M C Foulkes. Ab initio
solution of the many-electron Schrodinger equation with deep neural networks. Phys. Rev. Res.,
2(3):033429, September 2020. doi: 10.1103/PhysRevResearch.2.033429. pp.[T]and 21}

[42] David Pfau, Simon Axelrod, Halvard Sutterud, Ingrid von Glehn, and James S Spencer. Accurate
computation of quantum excited states with neural networks. Science, 385(6711):eadn0137,

2024. pp.[[]and[10]

[43] J. Jon Ryu, Xiangxiang Xu, Hasan Sabri Melihcan Erol, Yuheng Bu, Lizhong Zheng, and
Gregory W. Wornell. Operator SVD with neural networks via nested low-rank approximation. In
Proc. Int. Conf. Mach. Learn., 2024. URL https://openreview.net/forum?id=qESG5HaaoJ.

pp- [T} 2} B 61 7} [3) O} [T} T8} [T91 20} 211 22} 23} and 24}

[44] Terence D Sanger. Optimal unsupervised learning in a single-layer linear feedforward
neural network. Neural Netw., 2(6):459-473, January 1989. ISSN 0893-6080. doi:
10.1016/0893-6080(89)90044-0. pp.[2]and 5}

[45] Erhard Schmidt. Zur Theorie der linearen und nichtlinearen Integralgleichungen. Math. Ann.,
63(4):433-476, December 1907. ISSN 0025-5831, 1432-1807. doi: 10.1007/BF01449770.

p-[6l

[46] Daniel Spielman. Spectral and algebraic graph theory. Lecture notes (Yale University), 4:47,
2019. p.[23

[47] Matthew Tancik, Pratul Srinivasan, Ben Mildenhall, Sara Fridovich-Keil, Nithin Raghavan,
Utkarsh Singhal, Ravi Ramamoorthi, Jonathan Barron, and Ren Ng. Fourier features let
networks learn high frequency functions in low dimensional domains. In Adv. Neural Inf. Proc.
Syst., volume 33, pages 7537-7547, 2020. p.

13


https://openreview.net/forum?id=qESG5HaaoJ

[48]

[49]
[50]

[51]

[52]

[53]

[54]

[55]

[56]

Cheng Tang. Exponentially convergent stochastic k-PCA without variance reduction. In e,
editor, Adv. Neural Inf. Proc. Syst., volume 32. Curran Associates, Inc., April 2019. p.[5]

Lloyd N Trefethen and David Bau. Numerical linear algebra, volume 181. SIAM, 2022. p. E}

Aaron van den Oord, Yazhe Li, and Oriol Vinyals. Representation learning with contrastive
predictive coding. arXiv preprint arXiv:1807.03748, 2018. p.[9]

Kaixin Wang, Kuangqi Zhou, Qixin Zhang, Jie Shao, Bryan Hooi, and Jiashi Feng. Towards
better Laplacian representation in reinforcement learning with generalized graph drawing. In
Proc. Int. Conf. Mach. Learn., pages 11003-11012. PMLR, 2021. pp.[2 5] and[7}

Lichen Wang, Jiaxiang Wu, Shao-Lun Huang, Lizhong Zheng, Xiangxiang Xu, Lin Zhang, and
Junzhou Huang. An Efficient Approach to Informative Feature Extraction from Multimodal
Data. In Proc. AAAI Conf. Artif. Int., volume 33, pages 5281-5288, July 2019. doi: 10.1609/
aaai.v33i01.33015281. p.[6]

Zaiwen Wen, Chao Yang, Xin Liu, and Yin Zhang. Trace-penalty minimization for large-scale
eigenspace computation. J. Sci. Comput., 66:1175-1203, 2016. p.[6]

Yifan Wu, George Tucker, and Ofir Nachum. The Laplacian in RL: Learning representations
with efficient approximations. In Int. Conf. Learn. Repr., 2019. URL https://openreview,
net/forum?id=HIINpoAsYQ. p.[7}

Xiangxiang Xu and Lizhong Zheng. Neural feature learning in function space. J. Mach. Learn.
Res., 25(142):1-76, 2024. pp.[6land[9]

Yang You, Igor Gitman, and Boris Ginsburg. Large batch training of convolutional networks.
arXiv preprint arXiv:1708.03888, 2017. pp.[23|and [24]

14


https://openreview.net/forum?id=HJlNpoA5YQ
https://openreview.net/forum?id=HJlNpoA5YQ

Appendix

(A_Deferred Proofs _ 15
A.1 Equivalence of cf,ﬁq)m (V) and E((,’,’,?m (V)l ........................ 15
A2 Proofof Theoremlll . . . . . . . . .. ... 15
IA3 Proofof Theoreml2l . . . . . . . . . ... . 16

B~ On Implementation| 16

.1 Imglementatlon of SanEer’s Variant] . . . ... ... ... 16
............................ 17
[B:3 Computational Complexity of OMM] . . . . . . . .. ... ... .. 18

|C  Details on Experimental Setups and Additional Results| 18

|C.1 Laplacian Representation Learning for Reinforcement Learning| . . . . . . . . .. 18
C.I.1  Experimental Setup|. . . . ... .. ... ... .. ... ... ..... 18

C.1.2" Ablation Study: Hyperparameter Sensitivity of ALLO vs OMM] . . . . . . 19

|IC.2  Solving Schrodinger Equations| . . . . . . .. ... ... ... ... ... ... 19
C.2.1 Experimental Setup for 2D Hydrogen Atom|. . . . . . .. ... ... ... 20

C.2.2  Results on Unbounded-SpectraCase|. . . . . . . ... ... ... ..... 21

|IC.3  Self-Supervised Contrastive Representation Learningf . . . . . . .. ... ... .. 22
C.3.1 Representation Learning for Images| . . . . . .. ... ... ... .. ... 22

C.3.2 Representation Learning with Graph Data| . . . . . . . ... ... ... .. 23

[DOn the Benefit of Higher-Order OMM]| 25

A Deferred Proofs
A.1 Equivalence of £g’,’n)m (V) and Zg’n?m (V)

To establish the equivalence between the original proposal ,cf,’;?m (V) in Eq. (@) and our derivation
Eé’;}m (V) in Eq. (3), we need to show that
—tr(QuVTAV) = tr((lg — VVT)?PA) — tr(A),

where we recall

2p—1
Q=Y _ (I = VTV)"
i=0
To show this, we first note that we can write
2p—1
Q= (k=5 =S"(k— (=5,
i=0

by letting S := VTV. Hence, we have
—tr(Q,VTAV) = —tr(s*(lk — (s — 5)2P)VTAV)
= tr(STIVTAV) + tr(S’l(Ik - S)QPVTAV)
= —tr(STIVTAV) + tr(STIVTAV) + tr((ld - VVT)2PA) —tr(A)
- tr((ld - VVT)QPA) —tr(A).
This concludes the proof. O

A.2 Proof of Theorem I

Proof of Theorem[I] Since VVT is of rank at most k and PSD, the optimization can be reparam-
eterized based on the reduced SVD of VVT = PXPT, where P := [py,...,px] € R?** and
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Y := diag(p1, ..., ) € RF¥% such that PTP = I and y; > ... > py, > 0. For a given orthog-
onal matrix P € R¥*F let P, € R4%(d=k) denote a matrix whose columns form an orthonormal
basis of the orthogonal complement of the column subspace of P. Note PPT + P, PT = |; and
PTP= O(d—k)xk by construction, so that we can write

(la — VVT)? = (P(l}, — ¥)PT + P PT)%
=P(l, — X)*PT + P PT.
Hence, the objective function can be lower bounded as

tr((lg — VVT)?A) = tr(P(l}, — )*PTA) + tr(PTAP )

(@)

> tr(PTAP,)

® <

=D Ipt
{=k+1

Here, (a) follows since P(l;, —X)?’PT and A are both PSD and the inner product of two PSD matrices
is always nonnegative. Further, (b) follows since tr(P] AP ) is minimized as Z?:k 41 A\¢ when

optimized over an orthogonal matrix P, € R%*(¢=%)_We now consider the equality condition. First,
(b) holds with equality if and only if P consists of a bottom-(d — k) eigenbasis of A, or equivalently
P can be written as P = VQT by an orthogonal matrix Q € R***_ Given that, we can write

tr(P(ly — ©)2PTA) = tr((Ix — )2PQUTAVQT)
= tr((Ix — X)*QA1.,Q")
k
= Z(l — 1e)*" Aeaeqy .-
=

This implies that (a) holds with equality if and only if py = 1 forall £ € [k A 7). O

A.3 Proof of Theorem

Proof of Theorem[Z] The global minima of the jointly nested objective £ V;a) =
Zkzl ai/l((,ﬁq)m (V1.;) is achieved if and only if Ec(f,’n)m (V1.;) is minimized for each ¢ € [k]. Hence, if

the V* € R achieves the global minima, then by the optimality condition from £ (V.,), it

must satisfy
i i
D ViV =2 wiw]
j=1 j=1
for each i € [k]. By telescoping, this leads to v; = w; for each ¢. O

B On Implementation
In this section, we present omitted details on the implementation of NestedOMM.

B.1 Implementation of Sanger’s Variant

Similar to the implementation of the sequential nesting by the following partially stop-gradient
objective

Lomm () == =2tr(MF9[f, Tf]) + tr(MZEIMTI[E, T1]),
we can implement the Sanger variant by auto-differentiating the following objective
Lo (£) = =2tr(M,[f, Tf]) + tr(M7[f]sg[M, £, T1]]).

With the appropriate stop-gradient operation, its gradient implements the Sanger variant.
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B.2 Pseudocode for NestedOMM-1

Here, we include a unified PyTorch [39]] implementation of various versions of the original OMM
with p = 1 (which we call OMM-1): OMM-1 without any nesting (when nesting is None), OMM-1
with the joint nesting (when nesting is jnt), OMM-1 with the sequential nesting (when nesting is
seq), and OMM-1 with the Sanger variant (when nesting is sanger).

I class NestedOrbitallLoss:

2 def __init__(

3 self,

4 nesting=None,

5 n_modes=None,

6 DE

7 assert nesting in [None, 'jnt', 'seq', 'sanger']
8 self.nesting = nesting

9 if self.nesting == 'jnt':

10 assert n_modes is not None

1 self.vec_mask, self.mat_mask = get_joint_nesting_masks(weights=np.ones(
n_modes) / n_modes)

12 else:

13 self.vec_mask, self.mat_mask = None, None

15 def __call__(self, f: torch.Tensor, Tf: torch.Tensor):

16 # f: [b, kI

17 # Tf: [b, k]

18 if self.nesting == 'jnt':

19 M_f = compute_second_moment(f)

20 M_f_Tf = compute_second_moment(f, Tf)

21 operator_term = -2 x (torch.diag(self.vec_mask.to(f.device)) » M_f_Tf).mean
(0).sum()

2 metric_term = (self.mat_mask.to(f.device) * M_f_Tf %= M_f).sum()

23 else: # if self.nesting in [None, 'seq', 'sanger']:

24 M_f = compute_second_moment(f, seq_nesting=self.nesting in ['seq', 'sanger'
1)

25 M_f_Tf = compute_second_moment(f, Tf, seq_nesting=self.nesting == 'seq')

26 if self.nesting == 'sanger':

27 M_f_Tf = M_f_Tf.detach()

28 operator_term -2 * torch.trace(M_f_Tf)

29 metric_term = (M_f_Tf %= M_f).sum()

31 return operator_term + metric_term

34 def compute_second_moment(

35 f: torch.Tensor,

36 g: torch.Tensor = None,

37 seq_nesting: bool = False
38 ) -> torch.Tensor:

39 e

40 compute (optionally sequentially nested) second-moment matrix
41 M_ij = <f_i, g_j>

42 with partial stop-gradient handling when seq_nesting is True.
4

44 args

45 ----

46 f : (n, k) tensor

47 g : (n, k) tensor or None

48 seq_nesting : bool

49 e

50 if g is None:

51 g =f

52 n = f.shapelo]

53 if not seq_nesting:

54 return (f.T@ g) / n

55 else:
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56 # apply partial stop-gradient

57 # lower-triangular: <f_i, sgl[g_jl> for i > j

58 lower = torch.tril(f.T @ g.detach(), diagonal=-1)
59 # upper-triangular: <sg[f_i], g_j> for i < j

60 upper = torch.triu(f.detach().T @ g, diagonal=+1)
61 # diagonal: <f_i, g i> (no stop-grad)
) diag = torch.diag((f * g).sum(dim=0))

63 return (lower + diag + upper) / n

66 def get_joint_nesting_masks(weights: np.ndarray):

67 vector_mask = list(np.cumsum(list(weights)[::-1]1)[::-1])

68 vector_mask = torch.tensor(np.array(vector_mask)).float()
69 matrix_mask = torch.minimum(

70 vector_mask.unsqueeze(1), vector_mask.unsqueeze(1).T

71 ).float()

72 return vector_mask, matrix_mask

B.3 Computational Complexity of OMM

In terms of complexity in computing a given objective, the complexity of OMM-1 is similar to
LoRA [43] and ALLO [13]]. For each minibatch of size B, the dominant factor is in computing the
empirical moment matrices, which takes O(Bk?) complexity for a given minibatch of size B and for
k eigenfunctions. When p > 1, the complexity becomes O(Bk? + pk?3), as we need to recursively
compute the powers of the overlap matrix in Eq. ().

For a detailed comparison between the parametric spectral decomposition approach and a conventional
numerical eigensolver, we refer to [43, Appendix A]. There, the authors report an undesirable scaling
behavior exhibited by numerical eigensolvers and highlight the efficiency advantage of the LoRA-
based parametric formulation. Given that the computational complexity of gradient evaluation in
LoRA and OMM is equivalent, the same argument applies here.

C Details on Experimental Setups and Additional Results

In this section, we describe the detail on the experimental setups. All codebases to reproduce the
experiments will be made public upon acceptance of the paper. All experiments were conducted on a
single GPU, either a NVIDIA GeForce RTX 3090 (24GB) or a NVIDIA RTX A6eeoe (48GB).

C.1 Laplacian Representation Learning for Reinforcement Learning

Our implementation was built upon the codebase of Gomez et al. [13]E]

C.1.1 Experimental Setup
We followed the experimental setup in [13] closely. We visualize the RL environments in Figure 3]

o Data generation: For each experiment, we generated N = 106 transition samples from
a uniform random policy and uniform initial state distribution. The (z,y) coordinates are
given to a neural network as inputs.

e Architecture: We used a fully connected neural network with 3 hidden layers of 256
units with ReLU activations, with an output layer of k = 11 to learn the top-k Laplacian
eigenfunction representation.

e Optimization: We trained for 80,000 epochs using the Adam optimizer with a learning
rate of 1073, In the first 10% of training steps, we also add a linear warm-up from 0 to
10~3. Additionally, we reproduce the ALLO training with identical number of transition
samples, epochs, and optimizer, with the suggested initial barrier coefficient b = 2.0 and
Qparrier = 0.01 reported in [13]. We trained with NestedOMM for four random runs, and
ALLO with 10 runs. Since the smallest eigenvalue of each Laplacian matrix can be negative

5Githubrepository:https://github.com/tarod13/1aplacian_dual_dynamics
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in this case, but being bounded below by —1 (by the Gershgorin circle theorem), we add the
identity matrix to the Laplacian matrix to shift the spectrum.

e Performance metric: The performance is measured by the average of cosine similarities of
each mode, where degenerate spaces are handled by an oracle knowing the degeneracy.

GridMaze-9 GridMaze-17 GridMaze-19 GridMaze-26 GridMaze-32
GridRoom-1 GridRoom-4 GridRoom-16 GridRoom-32 GridRoom-64 GridRoomSym-4
T 1 T ™7 ™TT ™7
! ¥ | - 3 o+ = = 1 { -

GridMaze-7

=1

o)

i

1
H#

H

Figure 3: Grid environments for Laplacian representation learning.

C.1.2 Ablation Study: Hyperparameter Sensitivity of ALLO vs OMM

We continue with the experimental setup in [[13]] but attempt the more difficult task of learning the
top k£ = 50 rather than top k£ = 11 Laplacian eigenfunctions. Our goal is to examine differences in
hyperparameter sensitivity between ALLO and OMM.

e Revised Setup: For both OMM and ALLO training in the ablation study, we use the
following common modifications to the experimental setup: we generate N = 5 - 106
transition samples from a uniform random policy and uniform initial state distribution. Our
architecture keeps the 3 hidden layers of 256 units with ReL.U activations, but the output
layer’s dimension is £ = 50 to learn the top-50 Laplacian eigenfunctions. Additionally, we
omit the GridMaze-7 and GridMaze-9 environments, as they have less than 50 eigenmodes.
The optimization recipe and performance metric remain the same.

o Initial Evaluation of ALLO Hyperparameters: We begin by examining how well the
tuned ALLO hyperparameters transfer from k£ = 11 to & = 50. In particular, we use
the suggested initial barrier coefficient b = 2.0 and aparier = 0.01. After training each
environment for four runs, we obtain the results displayed in Table 2[a). It is clear that the
learned eigenfunctions do not capture the top-50 modes well, and that we require additional
hyperparameter tuning to effectively learn the eigenmodes with ALLO.

o ALLO Hyperparameter Sweep: As in [13], we sweep the initial barrier coefficient b
over [0.5,1.0, 2.0, 10.0], while cupurrier sWeeps over [0.001,0.01,0.05,0.1,0.2,0.5,1.0]. We
train over the GridRoom-1, GridRoom-16, and GridMaze-19 environments, and we also
use 10° transition samples instead of 2 - 10° for hyperparameter selection. This yields the
best pair as (b, aparrier) = (1.0,0.1). Using the updated hyperparameters, we rerun ALLO
training for £ = 50 with 3 independent runs per environment. The results are displayed in
Table[2(b). We can observe a significant jump in performance, but at the expense of a costly
hyperparameter search.

o OMM Retraining With Same Hyperparameters: In contrast, we train OMM for k£ = 50
with the same recipe as k = 11, with the only difference being the increase to 5 - 108
transition samples. We train for 5 independent runs per environment and get the results
displayed in Table[2c). As we can see, the representational power of OMM is comparable
with ALLO, but we were able to train without the costly pre-training hyperparameter sweep.

C.2 Solving Schrodinger Equations

We followed the setup in [43]] closely, implementing our code based on top of theirsE]

8Github repository: https://github.com/jongharyu/neural-svd
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Table 2: Ablation study results with ALLO and OMM for k = 50.

(a) ALLO for £ = 50 with optimal hyperparameters tuned for k = 11.

Env  GridMaze-17 GridMaze-19 GridMaze-26 GridMaze-32 GridRoom-1

Mean 0.8150 0.7616 0.4361 0.3340 0.8081
Std 0.0234 0.0277 0.0361 0.0303 0.0077
Env  GridRoom-4 GridRoom-16 GridRoom-32 GridRoom-64 GridRoomSym-4
Mean 0.6414 0.6692 0.4837 0.3420 0.6297
Std 0.0190 0.0153 0.0451 0.0164 0.0321

(b) ALLO for £ = 50 with re-tuned hyperparameters (b = 1.0, awarrier = 0.1).

Env  GridMaze-17 GridMaze-19 GridMaze-26 GridMaze-32 GridRoom-1

Mean 0.9798 0.9669 0.8233 0.7359 0.9088
Std 0.0022 0.0001 0.0165 0.0176 0.0328
Env  GridRoom-4 GridRoom-16 GridRoom-32 GridRoom-64 GridRoomSym-4
Mean 0.8681 0.8885 0.7452 0.7417 0.7880
Std 0.0004 0.0127 0.0093 0.0473 0.0241

(c) OMM for k = 50 with same training recipe for k = 11.

Env  GridMaze-17 GridMaze-19 GridMaze-26 GridMaze-32 GridRoom-1

Mean 0.9435 0.9594 0.8226 0.6536 0.9532
Std 0.0111 0.0128 0.0150 0.0370 0.0090
Env  GridRoom-4 GridRoom-16 GridRoom-32 GridRoom-64 GridRoomSym-4
Mean 0.8697 0.9191 0.7433 0.6985 0.8107
Std 0.0045 0.0015 0.0219 0.0350 0.0041

C.2.1 Experimental Setup for 2D Hydrogen Atom

Exactly same configurations were used for both the Sanger variant and LoRA..q with sequential
nesting. Since the configuration is almost same as [43, Appendix E.1.1], we note the setup succinctly,
and refer an interested reader to therein for the detailed setup.

e Data generation: We opted to use a Gaussian distribution A (0, 16l5) as a sampling distri-
bution, and generated new minibatch sample of size 512.

e Architecture: We used 16 separate fully connected neural networks with 3 hidden layers of

128 units with the softplus activation. We also used the multi-scale Fourier features [47]].

Optimization: We trained the neural networks for 10° iterations. To enable a direct
comparison between OMM and LoRA under consistent computational settings, we used five
times fewer iterations than in [43]]. While longer training may improve performance, our
choice facilitates a controlled evaluation of relative efficacy. We note that we used Adam
optimizer [22]] with learning rate 10~* with the cosine learning rate scheduler, instead of
RMSprop [17], which we found to perform worse than Adam. We multiplied the operator
by 100, but did not shift it by a multiple of identity.

Performance metric: Following [43]], we report the relative errors in eigenvalue estimates,
angle distances for each mode (also similar to the Laplacian representation learning for RL),
and subspace distances within each degenerate subspace. For each metric, we followed
the same procedure defined in [43]]. We ran 10 different training runs for each method and
report average values with standard deviations.

The numerical comparisons are summarized in Figure d] First, we note that the OMM,q diverged
quickly without any additional identity shift, as we alluded to earlier. The Sanger variant is comparable
to or sometimes even better than LoRAgq (i.e., NeuralSVDgq) in terms of different metrics. Since
LoRA,q was the strongest method from [43], this result suggests that OMM can be also alternatively
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Figure 4: Summary of the 2D hydrogen experiment in Figure |2 The shaded region indicates £ standard
deviations.

used in place of LORA when we wish to decompose a PSD operator. As alluded to earlier, however,
OMM cannot deal with unbounded differential operators (such as harmonic oscillators) inherently,
while LoRA is capable of that.

C.2.2 Results on Unbounded-Spectra Case

In this section, we present numerical results for Schrodinger equations with unbounded spectra with
the inverse-operator trick.

2D Harmonic Oscillator. When V' (x) = ||x||? in the Schrodinger, it is called the quantum harmonic
oscillator. This is another classical textbook example in quantum mechanics [14]. For simplicity, we
consider the two-dimensional case. Similar to the 2D hydrogen atom case, we closely followed the
setting in [43]], except the followings.

e Data generation: We used a Gaussian distribution N'(0,4l5) as a sampling distribution
with batch size 512.

e Architecture: We used k£ = 28 disjoint neural networks essentially same as those used for
the 2D hydrogen atom. On top of that, we applied the Dirichlet boundary mask [41] over
the bounded box [—10, 10]?, to ensure that the parametric eigenfunctions vanish outside the
box. We found that this is essential to enable successful training.

e Optimization: We trained for 5 x 10? iterations. We used Adam optimizer [22] with
learning rate 10~* and the cosine learning rate scheduler. We note that RMSProp did not
lead to a successful training in this case.

The results are shown in Figures [5|and[6] Figure[5]visualizes the top-15 learned eigenfunctions. After
applying subspace alignment via the orthogonal Procrustes procedure for fair comparison, the learned
eigenfunctions closely match the ground-truth solutions. The quantitative results in Figure 6] further
confirm that the corresponding eigenvalues are accurately recovered.

2D Infinite Well. Yet another simple example is the infinite-well problem, where V' (x) = 0 for
x € Q and V(x) = oo otherwise for some domain €. In this case, the stationary Schrodinger
equation reduces to the Laplace equation on {2 with zero Dirichlet boundary conditions. We consider

the two-dimensional problem with Q = [—L, L]? where L = 5. The eigenfunctions can be explicitly
written as
1 " L . L
Ynym, (T,y) = 7 sin(nﬂ(;;)> Sm<ny7r(2yL+)>7 (10)

with eigenvalues
2
71'
Aneiny = 373 (n2 +nj). (11)

Here, (n;,n,) € N x N are the quantum numbers.

e Data generation: We used a uniform distribution for sampling with batch size 512.

e Architecture: We used k = 15 disjoint neural networks without random Fourier features,
but with the Dirichlet boundary mask.

o Optimization: We trained for 5 x 102 iterations. We used Adam optimizer [22] with
learning rate 10~3 without any learning rate scheduler. RMSProp was also not effective
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Figure 5: Visualization of the first 15 of learned eigenfunctions with OMMsq on the 2D harmonic oscillator.
The first row shows the raw learned parametric eigenfunctions. The second row presents the eigenfunctions
aligned to the ground-truth degenerate subspaces via the orthogonal Procrustes procedure as instructed in [43]].
The third row shows the ground-truth eigenfunctions.
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Figure 6: Summary of the 2D harmonic oscillator experiment in Figure |§I The shaded region indicates £
standard deviations.

in this case. Also, we found that the autograd implementation is very crucial with the
Laplacian operator in the Hamiltonian, while the finite-difference-based approximation
of the Laplacian, which is proven to work for other experiments and in [43]], leads to
slow convergence. We conjecture that this behavior is due to the operator-dependent
parameterization in the operator-inverse trick, which could amplify the approximation gap
of the operator, if there is any.

The results are shown in Figures[7]and[8] While the training process can be sensitive to certain hyper-
parameter configurations, the learned eigenfunctions exhibit high quality once properly optimized.
Such sensitivity is a common issue in deep learning practice, though it may make the OMM less
appealing in comparison, as the LoRA approach is considerably more straightforward to apply.

C.3 Self-Supervised Contrastive Representation Learning

In this section, we describe the experimental setup for the image experiment in the main text, as well
as an additional graph experiment.

C.3.1 Representation Learning for Images

For this experiment, we used the solo-learn codebase of da Costa et al. [4]E|

o Data generation: We used the default data augmentations for CIFAR-100 in the codebase.
The exact configurations to reproduce the results will be shared upon acceptance.

e Architecture: We used ResNet-18 [16] as our backbone model and adopted two
different feature encoding strategies: (1) we used a nonlinear projector of shape
Linear(feature_dim,2048)-BatchNormiD-RelLU-Linear(2048,2048)-BatchNormiD
-ReLU-Linear(2048,256); (2) similar to DirectCLR [21]], we removed the projector and
simply train the top £ = 64 dimensions of the ResNet-18 feature as the top-k eigenfunctions
using the OMM objective. In both cases, each feature vector is normalized by its £5-norm
following the standard convention.

"Github repository: https://github.com/vturrisi/solo-learn
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Figure 7: Visualization of the first 15 of learned eigenfunctions with OMMseq on the 2D harmonic oscillator.
The first row shows the raw learned parametric eigenfunctions. The second row presents the eigenfunctions
aligned to the ground-truth degenerate subspaces via the orthogonal Procrustes procedure as instructed in [43].
The third row shows the ground-truth eigenfunctions.
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Figure 8: Summary of the 2D harmonic oscillator experiment in Figure E The shaded region indicates £
standard deviations.

e Optimization: We used the default optimization configuration of the codebaseﬂ We use the
LARS optimizer [56] with weight decay set to 0, initial learning rate of 0.3 governed by a
cosine decay schedule, batch size 256, and 1000 epochs.

e Evaluation: We evaluate the representation based on the linear probe accuracy on the test
split, trained by SGD with learning rate 0.1, batch size 256, and 100 epochs.

C.3.2 Representation Learning with Graph Data

We can apply the orbital minimization principle to graph data. Suppose that we are given an adjacency
matrix A € RV*N where A;; encodes the connectivity between nodes i and j. In the spectral graph
theory [46], it is well known that the lowest eigenvectors of (symmetrically normalized) graph
Laplacian Lg,m := | — D~'/2AD~'/2 encodes important properties of the underlying graph, and it is
also well known that the spectrum is bounded within [0, 2].

When the graph is large and when each node ¢ € [N] is associated with a feature vector x;, computing
the eigenvectors numerically might be cumbersome and extrapolation to new points is nontrivial.
Hence, in this case, it is natural to learn eigenfunctions f(x) of the graph Laplacian as a function of
the feature vector x. In this section, we show the applicability of OMM in this scenario, and assess
the quality of the learned eigenfunctions of the graph Laplacian in the node classification task.

We closely followed the experimental setup in the Neural Eigenmaps paper [6], implementing our
code based on the codebase of Deng et al. [IE] Neural Eigenmaps was proposed as a method to find
eigenfunctions of a PSD operator similar to OMM, but it is a regularization-based approach and thus
does not have the sharp global optimality that OMM enjoys. Moreover, practitioners also need to
tune the regularization parameter « in the framework, while OMM is hyperparameter-free.

e Data: We used the ogbn-products dataset [18], where the feature vector has 100 dimensions
and the classification task has 47 classes. It is a large-scale node property prediction
benchmark, and the accompanied graph consists of 2,449,029 nodes and 61,859,140 edges.
The density of this graph is 2.06 x 1075, suggesting that the underlying graph is extremely
sparse.

8We refer the reader to the configuration for SimCLR pretraining: https://github.com/vturrisi/
solo-learn/blob/main/scripts/pretrain/cifar/simclr.yaml.
?Github repository: https://github.com/thudzj/NEigenmaps
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e Architecture: We parameterize the eigenfunctions by an 11-layer MLP encoder with a
width of 2048 and residual connections [[16]], followed by a projector of the same architecture
as in the image experiment. We used 8192-4096 hidden units for OMM and LoRA, and
8192-8192 for Neural Eigenmaps. We note that, with OMM, we did not require the feature
normalization by ¢5-norm. In contrast, Neural Eigenmaps quickly diverged without the
f>-norm normalization and thus used the normalization so that the feature has ¢5-norm 10.
Even worse, we also trained a model with LoRA [43] (i.e., NeuralSVD without nesting), but
the training dynamics were unstable and diverged regardless of ¢5-normalization.

e Optimization: Training was conducted over 20 epochs on the full set of nodes using the
LARS optimizer [56] with a batch size of 16384, weight decay set to 0, and an initial learning
rate of 0.3 with a cosine learning rate scheduler. We used the default hyperparameter o = 0.3
for Neural Eigenmaps as suggested in the paper [6], which was selected based on linear
probe accuracy on the validation set.

e Evaluation: Similar to the image experiment, we evaluate the representation based on
the linear probe accuracy on the test split, trained by SGD with learning rate 0.01 and
weight decay 1073, batch size 256, and 100 epochs. We consider two evaluation strategies.
The first is to train a linear classifier directly on the original training labels. The second
follows the Correct & Smooth (C&S) method of Huang et al. [[19]], which enhances node
classification by first correcting the training labels using a graph-based error estimation and
then smoothing the corrected labels via feature propagation. This procedure produces a
refined supervision signal for training, often leading to improved downstream performance.
We used the default configuration in the Neural Eigenmaps codebase for C&S.

Results. We summarize our result in Table

e First, unlike the standard image contrastive representation learning setting and Neural
Eigenmaps, we found that OMM was capable of training the final embedding trained to
fit the eigenfunctions to become highly performant on the classification task. That is,
remarkably, the linear probe performance from the embedding is better than the intermediate
feature, which is the output of the MLP. We note that the drastic performance drop in Neural
Eigenmaps from ~ 74% (representation) to ~ 50% (embedding) is a typical behavior. This
implies that while Neural Eigenmaps might provide sufficient signal for the intermediate
feature to capture relevant information about each node, the embedding might not be
truly trained to fit the underlying eigenfunctions and thus provides worse discriminative
power. On the other hand, the good classification performance of embedding (even better
than representation) of OMM suggests that the OMM objective may behave better than
competitors in the context of capturing true eigenfunctions.

e Second, we observe that the C&S postprocessing boosts the classification accuracy for all
cases to be relatively close. Nonetheless, even after the application of C&S, we find that the
performance of the OMM embedding is clearly the best.

Table 3: Summary of OGBN-products experiment (%). The model was trained once for each method, but
the linear probe were trained for 10 different times for each case. The +’s indicate the standard deviations.
“Representation” refers to the linear probe accuracy based on the output of the MLP backbone, and “Embedding”
refers to that based on the output of the projector, which is trained to fit the underlying eigenfunctions. The
LoRA objective failed to yield convergent training dynamics.

Finetuning Correct & Smooth [19]
representation embedding representation embedding
LoRA [43] N/A N/A N/A N/A
Neural Eigenmaps [6]] 74.05+171 50.76+0.72 82.40+091 80.90+0.20

OMM (ours) 73.66+1.88 74.17 +019 82.06+1.03 84.11+0.12
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D On the Benefit of Higher-Order OMM

In the self-supervised image representation learning experiment, we observe sharp increase in the
downstream task performance by using the OMM-2 objective ,C((,?n)m (V), and even better by using
the mixed objective Lc(,}n)m (V) + L’c(,?n)m (V). In this section, we provide a theoretical argument on the
practical benefit of the higher-order OMM based on a gradient analysis.

We analyze the gradient for the finite-dimensional case for simplicity, but the same argument is
readily extended to the function case. Let R := |; — VVT. Then, we can show, by chain rule, that the
gradient of the OMM-p objective is

VvLEP) (V) = Vytr((lg — VVT)?PA)
= Vrtr(R?A)VyR

2p—1

=92 ( Z RiARZP“)V

1=0
— —2(R¥'A+R¥2AR+ ...+ RAR? 2 L AR~ 1)V,

For the purpose of our analysis, we restrict our attention to the case where R = VVT is idempotent,
i.e., R = R. Then the gradient expression simplifies to

VV‘ngr)rgm (V)

—2(RA+ AR+ (2p — 2)RAR)V
= VL) (V) —4(p — 1)RARV,
where we have the base p = 1 case of

VLY (V) = —2(RA + AR)V

omm

Hence, if we consider the Frobenius norm of the gradient,
VLD W) 1E = VLRV [E + A,

where we let

A :=16(p — 1)%||RARV||% — 8(p — 1)tr(vvzg}n>m (V)TRARV).

This shows that when p > 1 is sufficiently large, the gradient norm can be made strictly larger than the

norm of Vvﬁg}n)m (V). This can improve convergence speed when near convergence, especially when

Iz — VTV||r is close to 0, since the gradient norm of the original OMM gradient ||VV££,1,2m Mlr
becomes small proportional to ||l — VTV||g. In practical optimization, the flat minima may cause
immature convergence, and the additional gradient signal from the OMM with p > 1 can help escape
the flat minima.
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